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The problem of bending of a circular plate on an elastic foundation a system 
of rigid annular stamps with a flat bottom is considered. On the basis of the 

Kirchhoff - Love theory, integral equations are constructed for the desired nor- 

mal contact stresses with the transverse compression of the plate in thickness 
taken into account in the contact zones [l -31. The integral equations are 

reduced to systems of linear algebraic equations which are separated into groups 

of independent equations. 

Primarily two approaches are used to solve the contact problems of the theory of 
thin plates and shells. The first is to construct solutions of the differential equations 

of the theory of plates and shells in the contact domains and outside them, and to join 

these solutions on the boundaries of the contact zones. The solution of a number of 

contact problems for plates and shells has been obtained on the basis of this approach 
[4 - 131. The second approach is based on the construction of integral equations in 
the desired contact stresses and in determining their solutions [l, 141 (3. 

If the contact zone is a domain of complex shape (trapezoid, triangle, ellipse, 

etc. ), then in practice it is difficult to satisfy the conditions for joining the solutions 
on the boundary of this zone. Problems in which the contact zone boundaries are un- 

known afford the greatest difficulty; let us just note the paper [15] in which a solution 
is given for the two-dimensional contact problem for a circular plate. 

A method of solving contact problems, formulated in the form of integral equations, 
is proposed in an example of solving a contact problem for a circular plate on an elas- 

tic foundation and subjected to a system of m annular stamps with flat bottoms (the 
contact domain is known in advance). The kernels of these integral equations are the 

fundamental solutions of the differential equations of plate and shell theory. Normal 

contact stresses are determined under the assumption that there are no tangential con- 
tact stresses and no zone of separation of the plate from the stamp. 

Let us consider the bending of a circular plate on an elastic Winkler foundation. 
Let us take a polar r, 8 coordinate system in the middle plane and its origin at the 

center of a circle on which the side surface of the plate intersects the middle plane. 
In this case the plate bending equation has the form 

*) See also Tolkachev, V. M., Some Contact Problems of Shell Theory. Doctoral 
dissertation. Moscow, 1973. 
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D= 
Eh3 

12 (1 -v3) ’ 
A= g++&+&g- 

Here li: is the elastic modulus of the foundation, E, Y are the elastic modulus and 
Poisson’s ratio of the plate, h is the plate thickness, and 6 is the delta function. 

Using the rewlts in [16], let us write the general solution off 1) in the form 

w = n_O (&,O cos n9 + S,l sin n0) + G (5, 0, 9, 9,) 

hk = C,,‘u, + B,,l”y, + Dn’f, + Ankg,, k = 0, 1 

-G (~0, xo, 00) = 5 b,,K, (5, 4) cos n (e - e,) 
n=o 

n = 0, b, = V2; n > 1, b,, = 1 

Ka (~7 20) = ozH (5 - 50) Q,, (2, q,) / (20) 

Qn (2, 50) = fn (4 un (20) - fn (50) un (2) - g, (~1 v, (50) + 

gn C50) vn Cx:) 

Here H (5 - 50) is the unit function, %I, vn7 fnv &a are Kelvin functions relat- 
ed to Bessel functions J, of the first and H,,(l) of the third kinds by the formulas 

I331 Un + iv, = J, (z 1/l), fn + ig, = H,(l) (zv/i) 

Considering a load in the form of the lumped force P to be applied to the plate 
at a point with coordinates (21, 01) and taking account of the transverse strain com- 

pression of the plate in thickness in the contact zones [3], we write the integral equat- 

ions for the unknown contact stresses oi (3, 0) as 
m WI bi 

aoj (r, 0) + o2 2 1 [ G (G 0, 50, 0,) oi (2o, e,) x0 dxo de0 = uj (2) 

i=lO hi 

uj = yj + plj x cos 0 + pzix sin 8 - PG (3, 0, xs7 or) - Vj 

vj = cos n 0 + S,l sin 780) 

aj < z < bj, 0 < 0 < 2n; a = 13 (1 - +) h / (32-a 

j = 1, . . ., m 

Here the constants yi, brj, @sj characterize the displacement of the 

as a rigid body, and aj, bj are the dimensionless internal and external 

j -th stamp. 
The stamp equilibrium conditions 

2n bi 

63 r. J 

0” a. 
oiIt.2COS8dxd0 z Mli (i = 1, , . ., m) 

i - th stamp 
radii of the 

(31 
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are appended to (2), Here Pi, MIX, Ms, are projections of the principal vectors 
and moments of the external forces applied to the stamps, on the coordinate axes. 

Acting on (2) with the operator (AA + 4) and using the filtering property of the 

delta-function, we find that the functions oj satisfy the equations 

AAOj + (h* + 1) Gj = a-1 (Yj + fllj 2 COS 0 + &jxsin e, (4) 

h4= 04/(cczI) 

Solving (4), we find 

The functions usi0 and cr,$ are determined from the equations 

The differential equations (4) govern the structure of the solutions 
equations (2). Taking into account that the functions oj satisfy (4), 
integral equations (2) to a system of iinear algebraic equations. 

We obtain from (4) - (6) 
. 

Oi (X, 0) 5= - hv4Gi (2, 0) - he4 i (A,,A,& ~0s ne + 
?a=0 

of the integral 
we reduce the 

(7) 

Substituting (7) into (2) and integrating by parts, we arrive at the following expression 

(8) 



356 S.N. Karasev 

nz dy --- 
n = 0, 1, 2, . . . 

=o dxo 

Only four systems of linearly independent functions are contained in (8): 

[;;;&CG [;;;:J..(z)7 [;;::Jf,(4 [;;lJP&) 

Equating the coefficients of identical iimctions on the left and right in (8), and taking 
account of (6), we obtain the first infinite system of linear algebraic equations in the 
coefficients A&, . . ., Dnk in the form 

fn 

CL b&i (bi, ai) + @d,$licD;i (bi, ai) - t Y~~JJo- (h, ai,] + (9) 
i=1 

Dnk = & Pbno2H (z - 51) u, (~1) cos ne,, k = 0 

Ani- (tiy ai) = bi A ni* (b,) H (5 - bi) - UiAni* (ai) H (5 - ~i) 

An*j (Z) = U& (2) LnU, (2) - U, (2) L,U.p_i (2) + LUni (2) ‘* - 
da (z) 
-+- Lun C-4 

Q,i- (bi, ai) = @ni* ‘(bi) - @,I* (Ui) 

@:&z) -2 zLul (z) - z2 ‘d;i-) - z2L1ul(z) - q(z), z = ui, bi 

Lo- (bi, ai) = biLoU0 (bi) - UiLOUO (Ui) 

n = 1, a, = 1; n = 0, 2, 3, . . *, d, = 0 

n=o, a,= 1; n = 1, 2, 3, . . .) 0, = 0 

We obtain thesecond, third, and fourth system of equations from (9) by sequential re- 

Placement of u, (2) by g, (z), -f,, (z), --I& (z) (z = Ui, bi) and DnL by Bnk, 
Cnk, Ank. 

The equilibrium conditions reduce to the system of equations 

9; (bi, ui) + gki (bi3 - ai”) / (3a) = --Mk$* / (3t03), k = 1, 2 (lo) 

aiLoooi (~i) - biLoUoi (bi) + yf (bi’ - ai”) / (2a) = Pt~4/(2n~2) 

+i- (bi, ai) = $~i* (b,) - $i* (‘i) 

We append boundary conditions to (9) and (10). We assume that the edges of the 
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annular plates are clamped, i. e., w(Riy 0) =O,BW (Ri, 0) / 8~ = 0 (i = I, 
2; RI, R, are the inner and outer dimensionless radii of the plate). We obtain 

from the boundary conditions w (R,, 0) = 0 

(11) 

n = 0, 1, 2, . . .; f = 1, 2 

Here the functions &i** (z), @,i** (z), LO** (bi, ai) are obtained from 

hni* (z), %* (z), Lo- (b i, ai) by replacing u, (z) bv K,, (Rf, z). In order 

to obtain two other equations it is sufficient to replace K, (R,, bt) in (11) by d& 
(RI, bi) / dx and K, (Rj, Ui) by dK, (Ri, ~i) I dx and the functions u,,, v,, 

fnr & by their derivatives. For arbitrary n the infinite system of equations (9)- 

(li) is divided into finite groups of equations. Each group of equations contains not 

more than 5m -!- 5 equations. 
The main advantage of the method considered for solving the contact problem as 

compared with the juncture method is the reduction in the number of arbitrary const- 

ants to be determined. The method mentioned does not require the construction of irr 
fluence functions Cl, 141. 

Let the annular plate be loaded axisymmetrically by six stamps. The first approach 
results in this case in the need to solve a system of 58 linear algebraic equations. 

The method developed here reduces this problem to the solution of 34 equations. The 
advantage of the method mentioned becomes evident as the number of contact zones 
increases. 
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